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Abstract. We give a short, simple proof of maximal L^-L'^ regularity for lin- 
ear parabolic evolution equations on manifolds with cylindrical ends by making 
use of pseudodifferential parametrices and the concept of 7?.-boundedness for 
the resolvent. 



1. Introduction and main results 



Let {M,g) be a Riemannian manifold with cylindrical ends, i.e., there exists a 
relatively compact, open subset K C M such that M\K is isometric to [0, oo)^ x Y , 
where (y, qy) is a closed compact Riemannian manifold (not necessarily connected), 
and the cylinder [0, oo)^ x F is equipped with the product metric dr^ + gy- By 
employing the change of variables x — 1/r on [0, oo)^ x Y for large values of r and 
attaching a copy of F at a; = 0, we obtain a compactification of M to a smooth 
compact manifold M with boundary dM = Y . The interior of M is diffeomorphic 
to the original manifold M, and in a collar neighborhood [0, e)x x F of the boundary 
the Riemannian metric now takes the form ^^g = + gy, which is the form of a 
cusp metric (see [7]). Differential operators on a manifold with cylindrical ends with 
a 'reasonably nice' coefficient behavior at infinity correspond in this way to cusp 
differential operators on a compact manifold with boundary. Similarly, function 
spaces on the original manifold (M, g) with cylindrical ends correspond to function 
spaces on [M,™g). Let _E ^ M be a smooth vector bundle. We will prove the 
following result: 

Theorem 1.1. Let At e C([0,T],™Diff"(M,£;)), m > 0, < T < oo, and 
assume that At is cusp-elliptic with parameter m A = {A € C; 5R(A) > 0} for every 
< t < T . Then, for every 1 < p,q < oo, the parabolic evolution equation 




(1.2) 



u G W^'P{[0,T],''''L'^{M,E)) n LP{[0,T],''''H"'^'^{M,E)) 
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for every 

/ G LP([0,r],'^"L*(M,£;)) and 

T/ie mapping u i-^ (/, mq) given by (|1.2p is a topological isomorphism of these func- 
tion spaces. In particular, the solution u satisfies optimal L^-L'^ a priori estimates 
with respect to the data f and uq . 

By general results from [9] (see also [1] for recent improvements), we need to 
prove Theorem 11.11 onlv in the autonomous case At = A and for uq = 0, i.e., we 
need to prove that if A G ^"DifF'"(M, E), m > 0, is cusp-elliptic with parameter in 
A = {A G C; K(A) > 0}, then A has maximal LP-LI regularity on [0,T]. By [lO] 
this is the case if the resolvent (A - X)''^ : ™L9(M, E) ™7f™'«(M, E) exists for 
A G A with |A| > i? sufficiently large, and if in addition the family 

{A(A-A)-i; AG A, |A| > i?} c =^('="i«(M,£;)) (1.3) 

is 7?.-boundcd. Thus Theorem ll.ll is a consequence of the following result, which is 
of interest in its own right. 

Theorem 1.4. Let A C C be a closed sector, and let A G ™Diff ™ (M, £;) , 
TO > 0, fee cusp-elliptic with parameter in A. Let 1 < q < oo. For A G A with 
A| > i? sufficiently large, the operator 

A-\: ™iJ"^9(M, E) '^"L'?(M, E) 

is invertible, and the set ()1.3|) is TZ-bounded. 

To prove Theorem 11.41 we will employ a parameter-dependent parametrix of 
A — A in the calculus of cusp pseudodifferential operators on M to approximate the 
resolvent. The parametrix is then further analyzed making use of the results from 
[3] on 7?,-boundedness of families of pseudodifferential operators. 

The structure of this paper is as follows: 

In Section[2]we review the definition and necessary results about 7?.-boundedness 
of operator families that we need. For a comprehensive account on general aspects 
of 7?,-boundedness and its applications to parabolic equations we refer to the mono- 
graph [2] or the survey paper [5] , for 7?,-boundedness of families of pseudodifferential 
operators see [3j (see also [J for related work). 

Section [3] is devoted to cusp differential and pseudodifferential operators on 
manifolds with boundary (see [6l [8]). Finally, Section 0] contains the proof of 
Theorem 11.41 



2. 7?^-boundedness and families of pseudodifferential operators 

Definition 2.1. Let E and F be Banach spaces. A subset T c ^{E,F) is 
called 7^-bounded, if for some constant C > the inequality 



N 

ei,. 1} J = l 



( E 

holds for all choices of Ti 



e 

T/v G T and ei, . 



N 



E 

,,ejvG{-l,l} i=l 



(2.2) 



,eN e E, N eE. 
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The best constant 



C = sup 



ei,. ..,£«€{-!, 1} i=l 



N 



( E ||E^.-.i|)-i} 



£l,...,6jve{-l,l} j = i 



in (|2.2p is called the 7?.-bound of T and will be denoted by TZ{T). 

The general properties of 7?.-bounded sets yield to the following result about 
functions with 7^-bounded range (see [3], Propositions 2.11 and 2.13): 

Proposition 2.3. Let T be a nonempty set. Define £^{T,^{E,F)) as the 
space of all functions f : T —^ ^{E, F) with TZ-bounded range and norm 



whenever the composition f-g makes sense, and we have = 1 for the constant 

map 1 = Id^;. 

Corollary 2.5 (Corollary 2.14 in '3]). i) Let M be a smooth manifold, and 
let K CM a compact subset. Let f G C°°(M, .^{E, F)). Then the range f{K) 
is an TZ-bounded subset of J^{E,F). 



a) Let f e .y{W',^{E,Fj). Then the range /(M") C ^{E,F) is TZ-bounded. 
Proof. The assertion follows from Proposition 12.31 in view of 



In what follows all Banach spaces are assumed to be of class (TiT) and to 
satisiy Pisier's property {a) (this is of relevance for the validity of Theorem 12.91 
further below). We do not supply these definitions here, but merely note that all 
Banach spaces that are isomorphic to a scalar L'^-space for some 1 < gr < oo have 
both properties, and so do vector valued L'-spaces provided that the target space 
satisfies both properties. This will be sufficient for our purposes. 

Definition 2.6. Let ^ g N be fixed. For every ^ e M we define the anisotropic 
7?.-bounded symbol class S'^'^(M" x W^;E,F) to consist of all operator functions 



a G C°°(R" X R«, if (£;, F)) such that for all a G and /3 G 

(1 + Id + |A|i/^)-^+l"l+^l'3| (a^9f a(C, A)) G ^^(M" X W,^{E, F)). (2.7) 

We equip this symbol class with the Frechet topology whose seminorms are the 
£^-norms of the functions in (|2.7p . 




(2.4) 



\\f-g\\i^<\\f\\e^-\\9\U^ 



C°°{M,^{E,F))^C°°{M)(g,-^^{E,F), 
y(W\^{E,F))^.y{R")(E,.^^{E,F). 



□ 
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These spaces have ah the usual properties of symbol spaces (see 0, Section 3). 
Moreover, we have 

S^fiW X M«; F) S'^'^(]R" x M«; F) 5^'*(R" xW-E, F) 

with continuous embeddings, where S''^'^(R"' xMf'-jE, F) denotes the standard space 
of anisotropic operator valued symbols of order fi (replace £^ in (|2.7p by and 
S'^['^(M" xW^; E, F) is the subspace of anisotropic classical symbols, i.e., those that 
admit an asymptotic expansion a ~ X]^o % with aj(g(^, g^X) — g^^^aj{(^,X) for 
KC;-^)! ^ 1 ^^^d ^? > 1- Furthermore, 

Pi S'^'^(M" X R«;£;,F) = ^(K" x Ri,^{E,F)). 

For what we have in mind, the parameter space needs to be replaced by a closed 
sector A C K^. As is customary, the symbol spaces in this case consist by definition 
of the restrictions of symbols defined in the full space, and we equip those spaces 
with the quotient topology. 

Now spht M" = R'^ X R"-'^ in the (co-)variables C = (?7,C); where 1 < d < n 
(in the case d — n the R"^'*-factor just drops out), and consider symbols 

a(y,77,^,A) G S",,{R'^, Sl^'iR"^ x R^-'' x A;E,F)). (2.8) 

With a{y, rj, ^, A) we associate the family of pseudodifferential operators 

A(e, A) ^ op^(a)(C, A) : ^(R^ E) ^ ^(R^ F), 

where 

[opyia)iC,X)u]{y) = C^T^yJI e^^y-y'^''aiy,rj,t>^Hy')dy'dr,. 
The following is a consequence of Theorem 3.18 in [3]. 

Theorem 2.9. Forv > fi the family of pseudodifferential operators opy(a)(^. A) 
extends by continuity to 

op^(a)(^. A) : H'^^iM!^, E) ^ H'-''^\M.'^, F) 

for every s £ R and 1 < q < oo, and the operator function 

■^n-d X A 9 (e. A) ^ opy{a)i^, A) e E),H'-'^'^{R'^, F)) 

belongs to the TZ-bounded symbol space 5^''^(R"-'^ x A; iJ''^9(R'', E), H^-'''''{R'^, F)) 
with fi' = fi if > 0, or fi' — fi ~ v if v < 0. 

The mapping opy : a(y,?7,^, A) opj^(a)(^. A) is continuous in 

S'°i(R'^, S^'^(R'' X R"-'^ X A; F, F)) -^5^''^(R"-'^ X A; iJ'*^''(R^ F), i7"-'''«(R'', F)). 

Let F be a closed compact manifold, and let E,F Y he smooth (finite 
dimensional) vector bundles. Let L'^'^{Y, R"^'' x A; E, F) be the class of families of 
pseudodifferential operators 

A(C, A) : c°° (y, E) -> c°° (y, F) 

that are locally modelled on symbols (|2.8[) . and global remainders on Y that are 
integral operators with C°°-kernels that depend rapidly decreasing (together with 
all derivatives) on the parameters (f,A) G R""'' x A. We write L'^f{Y,R"'~'^ x 
A; E, F) if the symbols in (|2.8p are in addition required to be classical. The following 
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is an immediate consequence of Corollary 12.51 (applied to global remainders) and 
Theorem 12.91 (applied to families supported in a chart). 

Corollary 2.10. Let A{£„\) e Lf'-'^{Y,W"-'^ x A;E,F). For > fj. and every 
seR, 1 < q < oo, the operator family 

A{^, A) : H^'^iY, E) H'-'' '^{Y, F) 

is continuous, and the operator function 

^n-d X A 9 (e, A) A{t A) e ^{H'-^iY, E), H'-^ '^iY, F)) 

belongs to the TZ-bounded symbol space S'^''^(M"-'' x A; H'^'iiY, E), H^-^'iiY, F)) 
with IJ-' = IJ- if v > , or ^i' = — V if V < 0. The embedding 

L^'^(r,M"-'* X K;E,F) Sf^'^W"^ x A; H'-'^(Y, E), H'^^^^Y, F)) 

is continuous. 

3. Analysis of cusp operators on manifolds with boundary 

Let M be a smooth n-dimensional compact manifold with boundary. Let U = 
[0,e) x F be a collar neighborhood of the boundary Y = dM, and fix a smooth 
defining function x for Y (i.e. x > on M, x = precisely on Y, and dx ^ on Y) 
that coincides in U with the projection to the first coordinate. With these choices 
we let 

™V = {V e C'^(M,TM); Fx e :x.'^C°°(M)} 

be the Lie algebra of cusp vector fields on M. Let '^"Diff*(Af) be the envoloping 
algebra of cusp differential operators generated by '^"V and C°°(M). In coordinates 
near the boundary, an operator A e '^"Diff™(Af) takes the form 

A= akA^,y){x^D,fD^ (3.1) 

k+\a\<Tn 

with C°°-coefficients ak,a that are smooth up to a; = 0. 

The vector fields '^"V are a projective finitely generated module over C°°(M), 
hence by Swan's theorem there is a smooth vector bundle '^^TM on Af , the cusp- 
tangent bundle, whose space of C°°-sections is '^"V. Locally near the boundary, the 
vector fields x^dx and dy-,j — l,...,n — \, form a frame for this bundle. There 
is a canonical homomorphism : '^^TAI —> TM that restricts to an isomorphism 
over the interior of M . Let '^^T*M be the cusp-cotangent bundle, the dual bundle 
to ™TM, and let *0 : r*M ™r*M be the dual map to 0. Let «f(A) be the 
principal symbol of A e '="Diff'"(M), defined on r*M \ 0. Over the interior of M 
we set 

™«f(A) = or(A) o (V)^^ 

This function extends by continuity to a smooth function on all of '^"r*Af \ 0, and 
it is homogeneous of degree m in the fibres. ^^ff{A) is called the cusp-principal 
symbol of A. In coordinates near the boundary, the cusp-principal symbol of the 
operator A in (j3.ip is given by 

-*f(A)= a/o,a(a;,y)CS"- 

fc+|a|— m 
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More generally, if i? is a smooth vector bundle on M, we let '^"Diff™(Af ; E) denote 
the space of cusp differential operators A of order (at most) m. Initially, we consider 
A an operator 

A : C°°(M, E) C°"(M, E), (3.2) 

where C°°{M, E) denotes the space of smooth sections of E that vanish to infinite 
order on the boundary. The cusp-principal symbol of A is a section '^"o'(A) G 
(joo cnrp*j^ ^ cu^*^;)^ ^ ^^Y^^^ cu^ . cuy*;^ \ ^ M is thc Canonical pro- 

jection. 

Definition 3.3. Let A c C be a closed sector. We call A G ™Diff'"(M;i;) 
cusp-elliptic with parameter in A if 

spec(™«F(A)) n A = 

everywhere on ™T*M \ 0. 

The operator (13. 2p extends by continuity to an operator 

A : ™7?^'«(M,£;) ^ ™i7^-™'«(M,£:) 

for every s e M and 1 < g < cx). Here ™i7"'«(M, E) = '="L9(M , E), the L'-space of 
sections of E with respect to a Hermitian metric on E and the Riemannian density 
induced by a cusp metric, i.e., a Riemannian metric ™g in the interior of M that 
in a collar neighborhood of the boundary Y takes the form "^"g = + gy- For 
m e No we have 

™7?"^9(A7,£;) = {ue '^"L«(M,£;); Au e ''''L'^(M,E) for all A G ™Dir"(M; i;)}, 

and for general s G M the cusp Sobolev spaces '^"i/*'*(A/, E) are defined by duality 
and interpolation. 

Cusp pseudo differential operators. By '^"\[''''^(M, A) we denote the space 
of parameter-dependent families of cusp pseudodifferential operators 

A{X) : C°°(M,E) C°^(M,E) 

of order /i G M, where A is as usual a closed sector in C. This operator class can 
be described as follows: Let u},oj € C^{[Q,e)) be cut-off functions, i.e., llj,ui = 1 
near x — 0. We consider uj and uj functions on M that are supported in the collar 
neighborhood U = [0, e) x Y of the boundary. 

• Whenever lu and (1 — lu) have disjoint supports, the operator families 
ujA{X){1 — ui) and (1 — uj)A{X)uj are integral operators with kernels 

k{z,z',X) G y{A,C°°(M^ xM^,,EME*)). 

• In the collar neighborhood U of the boundary, the bundle E\ij is iso- 
morphic to 7r*E\Y, where tt : [0,e) x Y ^ Y is the projection on the 
second factor. Hence sections of E on U can be interpreted as functions 
of a; G [0,e) taking values in sections of E\y on Y, e.g., 

C°°{U,E) ^ C°^{[Q,e),C°^{Y,E\Y)). 

The operator family ujA{X)Cj : C^{U, E) C^{U, E) now is of the form 

27r Jr Jo V 
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for u e C';?°([0,e),C°°(r,£;|y)), where 

a{x,^,X) e C°^{[Q,e),,Litf{Y,R^ X A;E\y)). 

• The operator family (1 — w)A(A)(l — a)) belongs to the class L'^f{2M, A) 
of classical parameter-dependent pseudodifferential operators of order /x 
on the double 2M of M (acting in sections of an extension of the bundle 
E to the double). 

Every A{\) e '^"\[''''^(M, A) extends by continuity to a family of continuous opera- 
tors 

A{X) : ™iJ'*^'?(M,£;) ^ 

for every s G M and \ < q < oo. The class of parameter-dependent families of cusp 
pseudodifferential operators forms an algebra filtered by order. 

Theorem 3.4. Let A G '^"Diff™(M; m > 0, be cusp-elliptic with parameter 
in A. We have A — A G '^"\I'™'™(M, A), and there exists a parameter- dependent 
parametrix P(A) G ™*"™'"(M, A), i.e., 

(A - A)P(A) - 1, P(A)(A - A) - 1 G '^"^-^(M, A). 

Theorem 13.41 is an instance of a standard result in the calculus of pseudodiffer- 
ential operators. The structural result that it entails about parameter-dependent 
parametrices of A — A is the key to the proof of Theorem 11.41 which is given in the 
next section. 

4. Proof of Theorem 11.41 

Every i?(A) G '^"^'~°°(M, A) gives rise to an operator function 

i?(A) G J?^(A, J^(™i7''^'?(M,£:))) 

for every s G M and 1 < q < oo. Consequently, by Theorem [33 the operator family 

^ - A : ""iJ"^9(M, E) """L^iM, E) 

is invertible for A G A with |A| > i? sufhciently large, and, moreover, 

(A - A)-i - P{\) : '="i«(M, E) '^"L«(M, E) 

belongs to ^(Aij,^('="L'?(M, £;))), where A^ = {A G A; |A| > R}. Here we are 
making use of the fact that the parameter-dependent parametrix P(A) is tempered 
as a function of A G A taking values in the bounded operators on ™L'^{M ^ E). 
By Corollarv 12.51 we get that 

{\{A - A)-i - AP(A); A G A;?} c ^(™L'?(M, E)) 

is 7^-bounded. To complete the proof it thus remains to show that 

{AP(A); A G Ab} C ^(™L«(M,^)) 

is 7^-bounded. To see this, let Lb,uj,u} G C^{[0,e)) be cut-off functions, i.e., 
[i,aj,a) = 1 near a; = 0, and suppose that a; = 1 in a neighborhood of the support 
of d), and that tD = 1 in a neighborhood of the support of w. We consider u!,lu,uj 
as functions on M that are supported in the collar neighborhood U = [0, e) x Y of 
the boundary. Write 

P(A) = wP(A)w + (1 - w)P(A)(l -Lu)+ R{X). 
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The operator family R{X) E ™*-°°(Af , A), and so the set 

{Ai?(A); A e A} c ^{''''L'i{M,E)) 

is 7?.-bounded in view of CoroUarv 12.51 The family (1 — Li;)P(A)(l — Cj) can be 
regarded as an element of L~j™'™(2M, A) (supported in the interior of the original 
copy of M), and thus furnishes an element in S',^"''" (A; ™L«(M, '="L9(M, S)) 
in view of Corollary 12.101 Consequently, 

{A(l - uj)P{\){l - cj); A e A} C ^(^"L«(M, E)) 

is 7^-bounded. So it remains to show that 

{\ujP{X)Cj- a e A} C ^{'"''L'^iM, E)) (4.1) 

is 7^-bounded. 

Consider wP(A)J) : ''''Li{U,E) ="L'3(J7, £;), where U = [0,e)^ x Y. Under 
the change of variables r — —l/x, this operator family can by definition of the cusp 
calculus be regarded as the pull-back of an operator family 

Q(A) :L«(R,,L«(r,P|y)) ^L«(M,,L«(r,£;|y)) 
[g(A)u](r) = ^ J J e'^''~"'"^Sa{r,g,\)u{r')dr' dg for u G J?^(M^, C°°(y, , 

where a(r, A) G 5°i(M^, ^^['"'"(y, x K\E\y)). In view of Corollary ETO] we 
have 

L-"^"(r, R X A; E\y) 5^"^™(R x A; L'(r, i?|y), L«(y, E\y)) , 

and so 

a(r,g,A) e5°(M,,5-"^'"(M, X A;L'(r,i?|y),L«(r,£;|y))). 
Thus, by Theorem [Ml 

Q(A) = op,,(a)(A) e 5^'"''"(A; L«(R, L'^(F, Pjy)) , L'(R, L'(y, i?|y))), 
which shows that 

{AQ(A); A e A} c ^(L«(M, ^^(y, S|y))) 

is 7?.-bounded. Consequently, the set (|4.ip is 7?.-bounded, and the proof of Theo- 
rem [L4] is complete. 
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